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Abstract: This paper introduces a new n-dimensional associative and
commutative, but non-distributive, algebra. We define the spatial opera-
tor sj that manipulates numbers in a multidimensional number-space
(hyper-complex) according to the spatial angle s6, a tuple of angles
s(01,0-,...). The spatial number, which is expressed symbolically as esisd,
belongs to both the additive and multiplicative Abelian groups. They are
non-distributive in multiplication with respect to addition, thus form-
ing a non-distributive ring. Spatial numbers could have applications
in vector algebra allowing the algebraic product of two vector quanti-
ties. Furthermore, they could be of interest in physics, and towards that
purpose, I present a novel multi-dimensional solution of the wave equa-
tion that describes a spherical wave object whose centre propagates at a
velocity c in a vector space.

This paper introduces the spatial numbers of infinite dimensionality

esisf = jocosOgcosf; coshy...
+ j1sinfg cosB; cosbs...

+ josinf;cosO;y...+ -+ jrsinOy
or

resis(01,02,03,...0k) _

k k k—x-1
r(jo [Tcos6, + > (jxsinﬂx IT cos(H(k_y)))) 1)

z=1 x=1 y=—1

where esis? is a symbolic representation for consecutive orthogonal rotations the
result being a multidimensional number, j is the spatial operator, 0 is the spatial
angle defined by a tuple of angles 0 = 5(01,02,03,...0;), and j, is the spatial unit
orthogonal to all other j,;, 0 < m < k and m # n. The spatial number esis? could
be viewed as a hypercomplex number. For a spatial number of rank k, the angles
01,02,...0; are defined, and ;- ) = 0. The expansions to rank three are:
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Description

jn

S, ks, 1]

Ser s()

The field of real numbers

A symbol and not the natural number e =2.71828...

The imaginary unit number, or imaginary operator.

The field of complex numbers z = ref.

The preceding subscript ‘s’ indicates a spatial ‘thing’, which is either
the spatial constructor gj or a spatial angle 6 (see below). The
spatial constructor is characterised by sj*> = —1, and it implies a
number with dimensionality.

The spatial constructor sj implies a multi-dimensional number
space S whose axes we label, and which are defined by the spatial
units jo, j1, j2, j3, --., with jo = 1.

An Euclidian spatial-number space S, each axis is labelled by the
associated spatial unit. S can also be expressed by enclosing the
spatial units in double struck square brackets kS = [jo, j1, jo, ... jil.
The spatial angle 0 defined as a tuple consisting of many rotation
angles (01,02,603,...), each towards an axis j, which is orthogonal
to all previous axes j;,; and 0 < m < n. (s0 is pronounced as spatial
theta.)

The preceding superscript ‘k’, usually a number, limits the rank
of a spatial variable to 'k’. E.g. 30 = ((01,02,03). Similarly ’§j =3
(jo, j1,j2,---jx)- (An angle 6y does not exist.)

A non-distributive ring of spatial numbers v = resis®,

The circle accent (reminding one of spheres) is an optional nota-
tion when one wishes to emphasise that the number is a spatial
number, e.g. a= esls?,

The rank of a spatial number is predetermined, e.g.
jra1 + jaaz.

The binary operators for adding, or subtracting, orthogonal rota-
tions

The binary operator for multiplying orthogonally rotated quanti-
ties.

2& = joao +

NoTE The semantics rotate and rotation in conjunction with numbers is best
explained as follows: Using complex numbers as an example we have no
problem in understanding the complex plane as a two dimensional number
plane. The number z = re’? could be described as rotating the number 7 off
the real axis towards the imaginary axis by an angle theta, that is we are rotating
a line defined by zero and r both on the real axis. After this rotation we have
z=rcosfO+irsinf.
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esl0=1
esisOD) = jocos6; + ji sinf

k=0
k=1
k=2: esis002) - jocosB cosfy + j; sinf; cosOz + jo sinfy
k=3

+ j1 sinf1 cosB, cosO3

+ j2sinf, cosO3 + j3sinO3

These numbers remind one of spherical coordinates. E.g. for rank k =2, 6,
is the azimith and 0, the elevation as is the case in the Earth’s mapping that uses
longitude and latitude, but unlike in spherical coordinate systems, the angles are
not limited to a specific range.

Theorem 1: The spatial numbers v = resis¥ belong to both the additive and
multiplicative Abelian groups, and form a non-distributive ring, which we sym-
bolise with V. Hence, an associative and commutative, but non distributive,
n-dimensional algebra emerges.

This algebra, although severely limited could have speciality applications. Map-
ping the spatial number into a vector space [jo, j1, j2] = [X,Y,Z] allows the algebraic
products of vector quantities. In physics they could be used to find novel multi-
dimensional solutions to the wave equation as elucidated in a later section, which
could help in describing elementary particles.

A spatial number is expressed in the Euler form as

b=res¥

where r € R, j is the spatial constructor, and 0 = 5(01,02,03,...). The product
sjsf expands to

sj59=j191€Bj292€9j393€9"'€9jkek (2)

where j;0; means rotate from the root axis jo towards the j;-axis by 61, and ©j20»
means rotate the result of the previous rotation from the jo—j; plane towards
jo-axis by 0, etc. Therefore

b= esist = £j101©j2020)3030--j; 0 (3a)
= /101 g 202 g 1303 g ... g pIkOk (3b)
where each term eJ"% is evaluated like a complex number with a ranked imagi-

nary number j,. The operators ®, and @ are used only in the above context to
explain the relation between the Euler and rectilinear forms of spatial numbers.
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The orthogonal product 101 @ eJ202 i5 defined by

el101 g pi202 — (jocosB + j1 sinf) ® (cosB2 + j1 sinb2) (4a)
= (jocos B + j1sinB1)(cosB2) + |jocosBy + j1 sinb1|(j; sinfy) (4b)

= (jocosB1 cosbz + j; sinf; cosOy) + j1 sinbz (4c)

and we note that in (4b) the j;sinf, term multiplies with the absolute value
|j0 cosf; + j1 sin91| or generalised
%60 o pitksn)0 jko k0| ;
e’ 3V @ elkr)0k+1) = €959 cosOg 1) + | €9 3| (jk+1) SINO(k41)) (5a)

K
0 . .
= eS] S COSG(]C+1) + J(k+1) 31n9(k+1) (5b)

Let & = rqesis® and b = rpesisP. Analogous to complex numbers, the product of
two spatial numbers

&I; — rarbeSj(S“+Sﬁ) (6)

where (@ + 6) = s(a1+ 1, a2 + B2, a3+ Bs3,...) i.e. the simple summing of the
angles. The sum of two spatial numbers is over the rectilinear coefficients

a+b=jolao+bo) +jilar +by) + ja(az + ba) +... (7
Unfortunately, the distributivity over multiplication is lost for rank k = 2

(k& + Kpy ke # kgke + kpke if k=2 8)

Proof: For above theorem we require (6),(7) and (8) to be true.

Associativity and commutativity of multiplication: To multiply two complex
numbers we need one rule i2 = —1, or we can use the Euler rule of summing the
angles el@elf = gia+h, Similarly, to obtain the product of two spatial numbers,
we can simply sum the spatial angles esis®esisf = esi@*sf) or we can use a
procedure using a mix of the Euler and Euclidean forms and the following rules:

jo=jo=1 9a)
=—jo=-1 (9b)
j%k-%—l) = — eSj Igg = —esj 5(91’02:93”"-0]6) (9C)
J?k+l) =—jk+p therefore jgyy)ed 0= Jike+1) 9d)
§F=-1 9e)
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We explain rule (9¢) by using (5)

es) %0 @ k™2 = 5130 sin 77/2 4 |59 %0 j 4 1) cosT/2

= jik+n)

As per definition j(;.1) can only exist if kj = 5189 exists. We are rotating a spatial
number ¥ off its k™P'-dimensional plane towards the (k +1)™-axis. A 90° rotation
results in a number with just a j1) component and all other j,, components,
0 < n < k, being zero. If the rotation is 180° then ¥ is negated.

That multiplication is a simple addition of the rotation angles also needs to
be demonstrated in the cartesian form: Let & and b be unit spatial numbers with
rotation angle tuples s(a1,@z,...a,) and s(B1, B2, ..., Bn) respectively. We express
@ and b as a mix of the Euler form and rectilinear form and demonstrate:

k=0:ab=j5=1 (10)
k=1: ab=ess@)gsis(b1) — gsis(@1+p1) 11
k=2 : ab= ess@1+a2) gsis(B1+p2) (12)

= (95 cos ay + jo sin ap) (a)

x (esis(1) cos B2 + j2 sin B2) (b)

= esJs(@1+h1) co5 cos B2 (©)

+ joe9)3%) cos ay sin By (d

+j2e5j5(ﬁ1)sina2 cos fi2 (e)

+ jg sina;sin B, )

= eJs(@1+81) cos(ay + ) + josin(az + B2) (g

= esis(@1+P1,a2+p2) (h)

therefore by induction:
k=n: ab = esis(@1+B1,a2+p2,..an+fn) (13)

The Equations (10 and 11) need no comment, (11) are the complex numbers.
Equation (12) is the product of two spatial numbers of order two (or three di-
mensions) and (a) and (b) expresses the product as a mix of spatial Euler and
rectilinear form. This expands into four parts (c) though (f). We combine parts
(c) and (f) and we note by Rule (9b) for the product @b that jg = —esis(@+h),
thus parts (c) and (f) have reduced to esis(@1+f1) cos(az + ,62) the first term in (g).
Examining parts (d) and (e), the terms esis@) and esis(f1) only indicate a posi-
tion from which a rotation towards j, took place and have no influence on the
value ayj, and b, j» respectively, thus both esIs@1) and esis(1) can be replaced
by their respective absolute value, which in both cases is one. Thus combining
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parts (d) and (e) yields the second term j;sin(az + f2) in (g), and trigonometrical
reduction yields (h) i.e. the product @b in the spatial Euler notation.

We have now shown that the product of two spatial numbers is indeed the sum
of the spatial angles; thus the associativity and commutativity of multiplication is
given.

Associativity and commutativity of addition is given; trivial by addition of the
rectilinear coefficients and elucidated in Appendix A.

Additive and multiplicative identity: Trivial; the additive and multiplicative
identities are 0 and 1 respectively.

02, k

Additive inverses: Trivial; for every kpy = esisO, 0%) there exists a kb =

e3j5(91'92"“'9k+”), which yields the sum kp + ki = 0, therefore — %o = %ip.

Multiplicative inverses: Trivial; for every ko = esl s(01.02,-0k) there exists a
kip = esis(-01-02,-0%)  which yields the product X9 %1y = 1, therefore k51 = kip.

All requirements for both the additive and multiplicative Abelian groups are
satisfied.

Non distributivity of multiplication over addition for rank k = 2: Trivial;
demonstrated by numeric evaluation, and also elucidated in Appendix B.

O

Integration and differentiation

Of particular interest is to integrate and differentiate the spatial number. The
derivatives and integrals for spatial numbers are basically the same as those for
complex numbers.

d ) ) . .
ﬁ(sjesl 89) = sjesis? and f sjess? dsf = —sjesis? (14a)

S

d/ . sjs0t PR sjsOt s g—1 ,sjsOt
a(sje ) =sjs0e and e dt=—sjs0 e (14b)

But how to evaluate gj or sjs0? They are not numbers j is a constructor that
uses the spatial angle ¢0. This becomes clear when evaluating the first and second
derivative of ¢ = 2es1s! = 2esis@1,02)T with respect to ¢, and using trigonometric
expansion formulas.
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d’¢ d? . o o
F = @ [2]0 COSw1t CoSwyt+2j1Sinwi f coswat +2jpSinwy t) (15a)
d2
= @(jo(cos(a)l —w2)t+cos(w; +w2)t)
+j1(sin(w) — wy) t +sin(w; +w2)1) (15b)
+2j2 sinwzt)
d, . ) .
= a(—]o((wl —wp) sin(w) — W)t + (w1 + wy) sin(w +wy) 1)
+j1((w1 — w2) cos(w1 — w2) T + (W1 + w2) cos(w) +wy) ) (15¢)
+2j2w2 coswz t)
= —jo((1 — w2)* cos(w — w2) t + (W1 +w2)* cos(wy +w) )
—j1((@1 - w2)* sin() —w2) £+ (1 + )’ sin(w1 +w2)1) (15d)
—2j2w§ sinwy t
= sj2 s(@1, )% 2e818@1E2)E - —SwZZeSjS"” (150
= SjZS(wl'wZ)z(P = —swz(P (151)

From Equations (15a) to (15f) we understand that ¢ describes an undamped
harmonic oscillator in three dimensions, consisting of five sub harmonic os-
cillators in superposition. The last two lines, (15e) and (15f) are short hand
conventions to describe (15d). When working with spatial numbers we can treat
the constructs j, sjsw and —sw? symbolically as numbers as long as we under-
stand the expansion behind these constructs. The expressions sjx or sjsw x, with
x € {R,C}, are meaningless.

To answer the earlier question “how to evaluate j or sjs62” From (14b) and (15c),
and with ¢ = 2es1s?? = 2es)s@1.02)! e obtain

d .
= s, wp) 2T 00 (162)
= —jo((@1 — w2) sin(w; — w2) t + (W1 + wy) sin(w; + wy) )
+]1 (1 — w2) cos(@1 — W2) £ + (1 + wp) cos(w1 + W2) £) (16b)
+2jowocoswot

Therefor, it follows that
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dd (Zesjs(wlywzJ) — steSjS(wl’wz) (17a)
)

= —jo(sin(w1 —w2) + sin(w, +w2))
+j1(cos(@) — w2) + cos(w +wy)) (17b)

+2jp coswz

A multi-dimensional solution to the wave equation.

Spatial numbers allow a novel solution of the wave equation, a second order
partial differential equation of form
LW O*W
C _—_—— =
ap%  or?

(18)

where in the spatial number form ¥ is a wave structure centred at a position p
in a vector space [XYz], c¢ the speed at which the wave structure propagates, and
t is time. To solve (18), we need separate time and position components for 7/,
which is simply achieved by

Pp)=A?(p)
W =39 )=Y%0 (19)
L)Y (1)

from which quickly follows

A Exp) 1 EYw W 20)
Xp) dp? Y@ drz2 4

where the right hand term is introduced in anticipation of the desired result. We
also note that W, %, T, X, Y €V also satisfies (19) and (20). The derivatives are
total as X (p) and Y (t) are independent of one another, but also equal to each
other if and only if

p=po+Kkct (21)

where p, is some initial position and « is a unit direction vector. The solutions of
the two second order differential equations using spatial numbers was demon-
strated in (15), hence
%(p) — \/Zesjswp/2c+590/2 (22a)
Gy(t) — \/Zesjswt/2++560/2 (22b)
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where 0, is an arbitrary initial condition, and A is an arbitrary constant indepen-
dent of time or position and characterises the wave structure /. All that remains
is to square 21,/ (1) and taking care of initial conditions to obtain

W = Aesiswi*sbo 23)

Therefore, in the vector space [XYZ], the wave structure U has spherical prop-
erties. It is a mathematical object that is described by the wave equation (18)
centred around a point p that propagates with a velocity c.

Appendix A; Associativity and commutativity of addition

Let %& = rgesislana,ap) k= r; esis(Br.h2,--Bik) | the sum Kg+ kb = % = rgesis@1.92,-9k)  The
equations (A.2) to (A.14) below show that for any kg + kD there exists a rs and 5(191,1‘)2, . k) evalu-
ated in terms of r4, 7y, a1, Q2,...,a) and B, B2, ..., Bi.

k=0:rs=rq+ryp (A.1)
rgsinaj + rysin
k=1:9;= arctan(—a 1+ rpsinfy ) (A.2)
racosaj +rpcos By
rS:\/rfl+r§+2rarhcos(a1—ﬁ1) (A3)
rasinaj cosay + ry sin B cos fo
k=2:9; =arctan (A.4)
T'q COSQ] COS a2 + I, cos B cos P
Xor = \/ré cos2ay + rﬁ cos2 B +2rgrpcos(aj — B1) cosaz cos fo
rqsSinas + ry, sin
99 = arctan(w) (A.5)
xzr
rs =1/x%, + (rgsinasy + rp sin f2)2
s 2! a 2 b 2
= \/r?Z + ri +2rg rb(cos(cn - B1)cosaycos B +sinay sinﬁg) (A.6)
rasinaj cosay cosas + ry, sin B cos B2 cos B3
k=3:9; =arctan (A7)
T'q COS Q] COS A2 COS &3 + ', cos B cos B2 cos B3
X3 = [rg cos? as cos® as+ rlzJ coszﬁz coszﬁg -
+2rgrpcos(a) — B1) cosay cos Bz cos ag cos ﬁg]
rasinay cosag + ry sin B cos f3
99 = arctan (A.8)
Xqr
3
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Xgn = \/xg, + (rgsinay cos az + ry, sin fy cos B3)?

2

= [r,zl cos“az + ri coszﬁg

1/2
+2rq1p (cos(al - B1) cosay cos Bz +sinay sin ﬁz) cosagcos B3

rgsinas + rysin
95 = arctan (M)

Xgn

rs= \/xg,, + (rgsinas + ry sin f3)2

= [ 254 ri +2rarb{(cos(a1 - B1)cosay cos o +sinay sinﬂg)

1/2
x cosazcosf3 + sinas sinﬁg}]

rgSinacosas cosas...cosay + rysin COSs COS ...COS
k:n:ﬁlzarctan( a 1 2 3 n + rpsin P cos o cos f3 ﬁn)

T'qCOSQ] COSQQ COS A3 ...COS Ay + '}, cos B cos B cos B3...cos fp

Xy = [r,zl cos? as cos? as... cos? an+ rlzj coszﬁg coszﬁg e coszﬁn

1/2
+2rgrpcos(ay — f1) cosay cos B cosag cos f3 ...cosap cosﬁn]

raSsinas cosasz cosay...cosay + rpsin Bo cos f3cos By4...cos
ﬂgzarctan(“ 2 3 4 n + rpsin B cos B3 cos fy ﬁn)

X3/

Xy = \/xg, +(rgsinas cos@zcosay...cos ap + rysin B2 cos B3 cos By ...cos fn)?

2

Xyt = \/xi,,m, +r2sinay cos?ag...cos?ay + ri sin? B, cos2B3...cos2 By

rasinay +rysin B,
In= arctan(—hﬁ

Xg...n

— 2 2 o 2 i 2
rs= \/xn,,m,, +(rgsinap + 1 sinfin)

r2+ ri +2rarb{(...{(cos(a1 - B1)cosaycos B +sinay sinﬁg]

x cosazcosf3 + sinag sinﬁg}...)

1/2
X cosap cos Py + sinay sinﬁn}

Appendix B; Non distributivity of multiplication over addition.

Spatial numbers of rank k = 2 are not distributive over multiplication.

k =0: Distributivity holds; rqre + rpre = re(ra +rp)

k =1: Distributivity holds; as identical to complex numbers and demonstrated by (A.2),
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which then is simplified by trigonometric reduction to obtain

O = arCtan( raresin(y1 +a1) + rpresin(y1 + 1)

rgsinaj + rysin 1
=y +arctan| ———2——
rarccos(yy +ay) + rprecos(y1 + B1) racosay + rypcos fy

and from (A.3)

\/rar§+r ré +2rurbrc cos(a; +y1-(B1+711) = \/ +2rarbcos(a1—,61)

Therefor rqreesIs@+Y1) 4 rp roesisBL+11) = f esis(r1) (raeSJS ai) 4 rbes]s(ﬁl))

k = 2: Distributivity breaks down with k = 2; evident from (A.5), as

raresin(ys + a2 ) +ryresin(ys + rgsinay + ry,sin
99 = arctan ac (Yz 2) ble (Yz ﬁZ))¢y2+arctan(—a 2 b [32)
Xor XorlTe
Therefor

rarceSIS@HYLa2+Y2) oy osisB1Y1LP24Y2) 4y esis(r1Y2) (rqesist@ra2) 4 rpesistf 132))
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